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ABSTRACT
Spatial correlations of the cubic 3-torus topology are analysed using the Planck 2013
data. The spatial-correlation method for detecting multiply connected spaces is based
on the fact that positions on the cosmic microwave background (CMB) sky, that are
separated by large angular distances, can be spatially much nearer according to a hy-
pothesized topology. The comparison of the correlations computed with and without
the assumed topology can reveal whether a promising topological candidate is found.
The level of the expected correlations is estimated by CMB simulations of the cubic
3-torus topology and compared to those obtained from the Planck data. An inter-
esting 3-torus configuration is discovered which possesses topological correlations of
the magnitude found in the CMB simulations based on a toroidal universe. Although
the spatial-correlation method has a high false-positive rate, it is striking that there
exists an orientation of a cubic 3-torus cell, where correlations between points that
are separated by large angular distances, mimic those of closely separated points.
Key words: Cosmology: cosmic microwave background, large-scale structure of Uni-
verse
1 INTRODUCTION
The cosmic microwave background (CMB) radiation is of
utmost importance to constrain the parameters of the cos-
mological concordance model, the ΛCDM model, because it
reveals the state of the cosmos at a very early moment in its
evolution. But its importance is not only due to this early
snap-shot, since it also contains information of the cosmos
on its largest scales. Therefore, the CMB radiation might
also reveal the topology of the Universe, that is whether
the space is simply connected or multiply connected. Apart
from general considerations, the topic of cosmic topology
(Lachie`ze-Rey and Luminet 1995; Luminet and Roukema
1999; Levin 2002; Rebouc¸as and Gomero 2004; Mota et al.
2010, 2011; Fujii and Yoshii 2011) experiences a boost af-
ter the discovery of very low temperature correlations in
the CMB by Hinshaw et al. (1996). This property is present
in all subsequent CMB observations, see Copi et al. (2009,
2015) for a comparison of different data sets. The low tem-
perature correlations are most obviously seen in the temper-
ature two-point angular correlation function
C(ϑ) :=
〈
δT (nˆ)δT (nˆ′)
〉
with nˆ · nˆ′ = cosϑ , (1)
where ϑ is the angular distance between the two directions nˆ
and nˆ′ on the surface of last scattering. The brackets denote
averaging over the pixel pairs with nˆ · nˆ′ = cosϑ. However,
the central quantity in this paper is not the angular correla-
tion (1), but the spatial-correlation function ξ(r), where r is
the spatial distance between the two positions nˆ and nˆ′ on
the surface of last scattering. The spatial-correlation func-
tion ξ(r) can be used as a tool for discovering a non-trivial
topology of the Universe as suggested by Roukema et al.
(2008). The idea is that the distance between two points
q1 and q2 is not uniquely defined in a multiply connected
space. On the one hand, one can compute the distance by
completely ignoring the topology which means that one cal-
culates the distance d(q1, q2) in the universal cover. This
leads to the definition of the correlation function
ξtriv(r) :=
1
C(0)
〈δT (q1) δT (q2)〉 with r = d(q1, q2) , (2)
where C(0) normalizes the spatial correlation ξtriv(0) = 1.
On the other hand, one can use the shortest possible dis-
tance between q1 and q2 according to the assumed topo-
logical structure. This minimal distance might be computed
by
dΓ(q1, q2) := min
γ∈Γ
d(q1, γ(q2)) , (3)
where Γ denotes the covering group which defines the topol-
ogy. However, for reasons that will become clear shortly, the
topological test uses the slightly modified distance
dtopo(q1, q2) := min
γ∈Γ′
d(q1, γ(q2)) , (4)
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where the Γ′ := Γ\{id} is the set of group elements of Γ
without the identity. For distances d(q1, q2) smaller than
the injectivity radius (Gomero and Rebouc¸as 2003), one has
dtopo(q1, q2) > d(q1, q2), since the identity is removed. Re-
moving the identity eliminates the distance d(q1, q2) mea-
sured in the trivial topology, i. e. along the direct path in
the universal cover, from the set of distances over which the
minimum is taken in dtopo(q1, q2). Therefore, small distances
dtopo(q1, q2) belong to widely separated points q1 and q2 on
the sky that are located in different “copies” of the funda-
mental cell. If dtopo(q1, q2) is computed for the correct topol-
ogy, the distances dtopo(q1, q2) and d(q1, q2) provide two val-
ues of the distance between points q1 and q2 measured along
different paths. Now, Roukema et al. (2008) define the topo-
logical correlation function
ξtopo(r) :=
1
C(0)
〈δT (q1) δT (q2)〉 with r = dtopo(q1, q2) ,
(5)
which should reproduce ξtriv(r) under idealized conditions
although the two functions are computed from different
products δT (q1) δT (q2). At scales r smaller than the injectiv-
ity radius, ξtriv(r) measures the correlations within the same
fundamental cell, while ξtopo(r) measures them between dif-
ferent “copies” of the fundamental cell. Thus the small-scale
behaviour ξtriv(r) should match ξtopo(r) even though the lat-
ter is obtained from widely separated pixels for small values
of r as long as Γ belongs to the correct topology. Therefore,
the aim of the method is to find a representation of Γ such
that ξtopo(r) agrees with ξtriv(r) as far as possible.
It should be mentioned that in the case of a positive
signal, the topology belonging to Γ might be confused with a
different topology belonging to Γ˜, if Γ is a subgroup of Γ˜ that
is Γ ⊂ Γ˜. In that case the minimum in equation (4) would be
taken only over a subset. In the case of the 3-torus topology,
this would mean that the “true” fundamental cell would
tessellate the one found by the spatial-correlation method.
Since smaller fundamental cells are easier to detect, this is
unlikely to be the case.
It is worthwhile to note the relation to the matched
circle test proposed by Cornish et al. (1998). The positions
on a matched circle pair can be mapped onto each other by
a group element γ ∈ Γ′. So the distance is dtopo(q1, q2) = 0
in this case. For zero distance r = 0, ξtopo(0) would thus
measure the correlations between matched circle pairs on
the CMB sky. In this way, ξtopo(0) gives an average of the
correlations over all matched circle pairs.
Roukema et al. (2008) apply their spatial-correlation
method to the Poincare´ dodecahedral topology which is re-
alized in a space with positive curvature. They investigate
the three-year data of the Wilkinson Microwave Anisotropy
Probe (WMAP) and find an interesting solution for a spe-
cial orientation of the Poincare´ dodecahedral cell. The same
method is used by Aurich (2008) with respect to the cu-
bic 3-torus topology which is the simplest non-trivial topol-
ogy in flat space. The analysis based on the WMAP five-
year data leads to a specific configuration of the cubic 3-
torus topology where the spatial correlation ξtopo(r) is en-
hanced. Roukema et al. (2014) suggest to search for topo-
logically lensed galaxy pairs in deep red-shift surveys ac-
cording to the favoured 3-torus configuration and simulate
the prospects of detecting that topology. In addition, they
show in their figure 1 a variant of the topological correlation
r2
ϑ
Figure 1. The projected angle ϑ onto the surface of last scatter-
ing is plotted in degrees as a function of the squared distance r2.
The diameter dSLS = 6.2972 of the surface of last scattering is
used.
of the favoured orientation using the final WMAP nine-year
data and demonstrate that also the latest WMAP data pos-
sess the spatial-correlation signature in favour of a 3-torus
topology. In this paper the spatial-correlation analysis of
the 3-torus topology is carried out for the Planck 2013 data
(Planck Collaboration et al. 2014a) in order to see whether
the signature persists.
In addition, in section 2 the spatial-correlation method
is applied to simulated 3-torus CMB maps so that the corre-
lations obtained from the Planck 2013 data can be compared
to the expected signal. The analysis of the Planck data is
the topic of section 3 and the final section 4 summarizes and
discusses the results.
2 TEST OF THE SPATIAL-CORRELATION
METHOD FOR THE 3-TORUS TOPOLOGY
The spatial-correlation method is tested for the cubic 3-
torus topology. To that aim, torus CMB maps are com-
puted for the ΛCDM model with the parameters given
in Table 10 in Planck Collaboration et al. (2014a), column
“Planck+WP+highL+BAO” with “Best fit”. The cosmo-
logical parameters are Ωbar = 0.04825, Ωcdm = 0.2589,
ΩΛ = 0.6928, the reduced Hubble constant h = 0.6777, the
reionisation optical depth τ = 0.0953, and the scalar spectral
index ns = 0.9611. In the following, the side length L of the
torus cell and the distance r are given in units of the Hub-
ble length LH = c/H0. The distance to the surface of last
scattering is LSLS = ∆η LH with ∆η = η0 − ηrec = 3.1486
and η being the conformal time. The diameter dSLS of the
surface of last scattering is dSLS = 2∆η = 6.2972 in these
units. It should be pointed out that this value is by a fac-
tor 0.95 smaller than the value obtained for a ΛCDM model
favoured by the WMAP data where ∆η lies around 3.33.
One has to bear this in mind when comparing length-scales
from papers based on the WMAP concordance model. In the
following, the spatial correlations will be analysed as func-
tions of the squared distance r2, whose relation to the angle
ϑ = 2arcsin(r/dSLS) projected onto the surface of last scat-
tering is plotted in figure 1. Most of the analyses consider
the interval r ∈ [0, rmax] with r
2
max = 0.4 which translates
to a projected angle of ϑmax ≃ 11.5
◦.
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The computation of dtopo(q1, q2) requires the group Γ
which has infinitely many elements in the case of the toroidal
topology. The numerical analysis takes only the subset of Γ
into account, which is obtained by concatenating at most
four times the generators and their inverses. A larger subset
would only be needed for very small fundamental cells.
With the above cosmological parameters, 100 CMB re-
alisations of the cubic 3-torus topology with side length
L = 4 are generated where 61 556 892 different eigenmodes
are taken into account which belong to the first 50 000 eigen-
values. The spherical expansion of the eigenmodes is carried
out up to lmax = 1000. In addition, 10 further torus simula-
tions are computed which take only the usual Sachs-Wolfe
contribution into account.
It is a common problem for all strategies, which try to
detect a topological signature in the CMB sky, that only
the usual Sachs-Wolfe contribution, which is proportional
to the gravitational potential, would reveal a multiply con-
nected space. Other contributions to the CMB sky do not
possess this direct periodicity and thus reduce the expected
topological signal. The two most important of them are the
Doppler contribution and the integrated Sachs-Wolfe effect.
To demonstrate that difficulty and to test the general
procedure, the spatial-correlation method is at first applied
to the 10 CMB simulations that are based only on the usual
Sachs-Wolfe contribution. The correlations are computed on
sky maps which have a HEALPix resolution Nside = 256 and
which are Gaussian smoothed with a width fwhm = 24′. Fur-
thermore, the averaging in (2) and (5) is realized by sampling
the products δT (q1) δT (q2) in 40 equidistant intervals with
respect to the variable r2 up to r2 = 0.4. The figure 2(a)
shows for two such simulations the spatial-correlation func-
tions ξtriv(r) (dotted curve) and ξtopo(r) (full curve). One
observes that ξtopo(r) closely matches ξtriv(r) although the
two are computed from completely different sets of products
δT (q1) δT (q2). The small deviations are due to the pixelisa-
tion and smoothing effects. In figure 2(b) the mean values
obtained from the 10 functions ξtriv(r) and ξtopo(r) belong-
ing to the 10 simulations are plotted as well as the 1σ band
to indicate the width of the two distributions. The agree-
ment between ξtriv(r) and ξtopo(r) is obtained only when
the group Γ, which is used for the computation of ξtopo(r), is
also the group for which the CMB simulation is computed.
This is demonstrated for another torus configuration with
side length L = 4.41, which will become important below.
Applying the wrong group with respect to the torus simu-
lations with L = 4.0 leads to correlations ξtopo(r) around
zero, which are also shown in figure 2(b). This illustrates
the principle of the spatial-correlation method under very
idealized conditions.
The CMB radiation is, however, not only described by
the usual Sachs-Wolfe contribution since a variety of physi-
cal effects modify it which destroys the idealized situation.
Thus, 100 torus simulations are computed using a trans-
fer function which takes the full Boltzmann physics into
account. This includes the Doppler contribution, the inte-
grated Sachs-Wolfe effect, Silk damping, reionisation, polar-
isation of photons and neutrinos assuming a standard ther-
mal history. In this realistic scenario, the good agreement
between ξtriv(r) and ξtopo(r), which is observed in figure 2,
is lost. In figure 3(a) the spatial correlations ξtriv(r) and
ξtopo(r) are plotted for such a realistic simulation. The cor-
(a)
r2
ξ
(b)
r2
ξ
Figure 2. The spatial-correlation functions ξtriv(r) and ξtopo(r)
are shown for the 3-torus topology based on CMB simulations
which take only the usual Sachs-Wolfe contribution into account.
The sky maps have a resolution of Nside = 256, and a Gaussian
smoothing with fwhm = 24′ is applied. The Union mask U73 is
used. In panel (a) the result from two simulations is plotted and
the good agreement demonstrates the usability of the method.
Panel (b) shows the distribution of the correlation functions for
10 simulations. The full curves for ξtopo(r) and the dotted curves
for ξtriv(r) show the mean value whereas the bands show the 1σ
width of the distributions. The lower band around zero belongs to
correlations ξtopo(r) which are computed for a wrong configura-
tion of the 3-torus cell. The upper two overlapping bands belong
to ξtriv(r) (the smaller band) and to ξtopo(r) computed for the
orientation used in the simulations.
relation ξtopo(r) is computed by using the same group Γ
which is also used in the calculation of the torus sky map.
The figure 3(a) reveals the extend to which the two cor-
relation functions agree if the correct topology is used in
ξtopo(r). Furthermore, a comparison between figures 2(a)
and 3(a) shows that ξtriv(r) decreases with the inclusion of
the full physics faster than without, although in both cases
they are normalized by ξtriv(0) = 1. Similar to figure 2(b),
the figure 3(b) shows the average and the 1σ bands of the
100 torus simulations but now using the full transfer func-
tion. The three bands are, from top to bottom, the 1σ band
for ξtriv(r), the 1σ band for ξtopo(r) using the correct con-
figuration of the 3-torus cell, and the 1σ band for ξtopo(r)
computed for a wrong configuration.
There is a further complication in the search for a topo-
logical signature in the spatial-correlation function. In the
observed sky maps the dipole contribution is usually re-
c© 2014 RAS, MNRAS 000, 1–11
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(a)
r2
ξ
(b)
r2
ξ
Figure 3. The spatial-correlation functions ξtriv(r) and ξtopo(r)
are shown for the same 3-torus topology as in figure 2. However,
in contrast to figure 2, the CMB simulations are now based on the
full Boltzmann code taking the deteriorating effects into account.
The resolution of the maps is again Nside = 256 and fwhm =
24′. The Union mask U73 is applied. Panel (a) reveals that the
match between ξtriv(r) (dotted curve) and ξtopo(r) (full curve) is
now much poorer than in figure 2(a) where only the usual Sachs-
Wolfe contribution was considered, of course. Similar to figure
2(b), the panel (b) displays the distribution obtained from 100 3-
torus simulations. The 1σ bands obtained form ξtriv(r) and from
ξtopo(r) using the correct orientation no longer overlap. But the
correlation ξtopo(r) is nevertheless significantly larger than those
obtained from a wrong 3-torus orientation, as the lowest band
around zero demonstrates.
moved because of the difficulty to separate the dynamic
dipole due to our motion with respect to the CMB from the
intrinsic dipole contribution (see e. g. Atrio-Barandela et al.
(2014) and references therein). The 3-torus simulations do
contain the intrinsic dipole. Therefore, in order to compare
the Planck data with the simulations, one has to subtract
the dipole in the simulations before computing the spatial-
correlation functions. The change in the correlation func-
tions is shown in figure 4, where the spatial-correlation func-
tions are computed from the same 100 simulations as in fig-
ure 3(b) but now without the dipole contribution. The cor-
relation ξtriv(r) decreases since a non-vanishing dipole leads
to enhanced values in the correlation (2) for the considered
small values of r belonging to two points q1 and q2 having
a small angular separation. The reverse behaviour occurs
for ξtopo(r), where small values of r belong to large angular
separations where the dipole contribution has most likely a
r2
ξ
Figure 4. The spatial-correlation functions ξtriv(r) and ξtopo(r)
are plotted for the same 3-torus simulations as in figure 3(b), but
now the dipole contribution is set to zero. To guide the eye, the
mean of ξtriv(r) and ξtopo(r) with the inclusion of the dipole are
also shown as dashed curves. These are the same curves as in
figure 3(b).
different sign at the two widely separated points q1 and q2.
This behaviour can be inferred from figure 4 where the mean
correlations computed from sky maps with the dipole are
also plotted (dashed curves). The 1σ bands obtained from
the 100 simulations without the dipole contribution will be
used below when the spatial correlations in the Planck data
are analysed. In most cases, these are the 1σ bands of figure
4 where the resolution fwhm = 24′ is used. When CMB data
are analysed in another resolution, the 1σ bands are com-
puted from simulations with the corresponding resolution.
It might seem that the number of 100 CMB simula-
tions is too small in order to extract the mean values and
the 1σ bands belonging to the spatial-correlation functions
of the 3-torus topology. In order to address this issue, figure
5 displays these curves obtained from the first 50 simula-
tions from the set of the 100 simulations together with the
results obtained from all 100 simulations. The mean values
are nearly indistinguishable so that no significant alteration
is expected for an even larger set of simulations. The 1σ
boundaries show minute differences which indicate the ac-
curacy that can be achieved from 100 simulations.
It is worthwhile to note that ξtopo(r), computed for the
correct configuration, decreases at very small distances r
as seen in figure 3(a). This tendency can also be seen for
the average and the 1σ band in figures 3(b) and 4. This
contrasts to ξtriv(r) which has its maximum at r = 0. Since
this behaviour does not occur in figure 2 dealing with the
pure usual Sachs-Wolfe contribution, it has to be ascribed to
the deteriorating contributions contained in the full transfer
function. Therefore, the degrading effects are less severe for
slightly larger topological distances r. This shows that the
spatial-correlation analysis can be a useful additional tool,
since the matched circle test relies on ξtopo(r) at r = 0 as
discussed in the introduction.
3 TOROIDAL CORRELATIONS IN THE
PLANCK DATA
The correlation analysis of the torus simulations has the ad-
vantage that the underlying topology is known, of course.
c© 2014 RAS, MNRAS 000, 1–11
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Figure 5. The mean values and the 1σ boundaries of the spatial-
correlation functions ξtriv(r) and ξtopo(r) are plotted for the same
3-torus simulations as in figure 4. The dotted and full curves
are based on the first 50 simulations and all 100 simulations,
respectively. The figure shows that the mean values are almost
unchanged while the slight differences in the 1σ boundaries reveal
the order of the accuracy obtained from 100 simulations.
In the search for a spatial-correlation signature in the CMB
data, a pseudo-probability estimator is required that mea-
sures the quality of the agreement between ξtriv(r) and
ξtopo(r). Roukema et al. (2008) define this measure as
P :=
n∏
i=1

e
−
(ξtopo(i)−ξtriv(i))
2
2σ2
i for ξtopo(i) 6 ξtriv(i)
1 + 0.01
ξtopo(i)−ξtriv(i)
ξtriv(i)
for ξtopo(i) > ξtriv(i)
(6)
with
σi :=
1
2
ξtriv(i)
√
Nn
Ni
. (7)
Here, the index i runs over the bins for which the values
of ξtopo(r) and ξtriv(r) are sampled. As described in sec-
tion 2 the r ∈ [0, rmax] interval is divided into n = 40
equidistant intervals with respect to the variable r2. The
value r2max = 0.4 is generally used with the exception of
CMB maps having a large smoothing of fwhm = 60′, where
r2max = 0.9 is used, see below. The number of data points
contributing to ξtriv(i) is denoted as Ni. The reason for
choosing equidistant intervals with respect to r2 is that for
this binning the values of Ni are of the same order. This
behaviour is revealed by figure 6 in the case of a map with
Nside = 256 where the correlations are computed for every
tenth pixel outside the Union mask U73 for a 3-torus topol-
ogy with L = 4. In addition, figure 6 shows the number of
pixels that contribute to the computation of ξtopo(i). Here,
the minimum is obtained towards r2 = 0, where ξtopo(i)
gives an average over all matched circle pairs. This demon-
strates that a lot of information is used by the spatial-
correlation method beyond the matched circle pairs.
In the search for topological candidates, a modified
probability is used in this paper. Using σi as defined in
equation (7) leads to a weighting which disregards bins
to which a small number Ni of data points contribute
or bins with a large value of ξtriv(i). Thus, this weight-
ing pays less attention to the pronounced peak in the
correlation function at r = 0. The peak structure at
r = 0 can be emphasized by modifying the probability
r2
N
Figure 6. The number of pixel pairs are plotted that contribute
to the computation of ξtriv(i) (red bins) and ξtopo(i) (yellow bins),
where a 3-torus topology with L = 4 is tested. The numbers are
obtained from a map with a resolution Nside = 256 outside the
Union mask U73 and every tenth pixel is taken into account. The
interval up to r2max = 0.4 is divided into n = 40 bins.
lnP = −
∑n
i=1 wi
(ξtopo(i)−ξtriv(i))
2
2σ2
i
with the weight wi :=
ξtriv(i)/(
1
n
∑n
j=1 ξtriv(j)). This leads to the weighting
σ̂i :=
1
2
√√√√ξtriv(i) 1
n
n∑
j=1
ξtriv(j)
√
Nn
Ni
(8)
to be used in equation (6). This discussion shows that there
is some arbitrariness in the choice of the pseudo-probability.
It is clear that this choice determines to some degree which
solution is considered as the optimal one as will be discussed
below.
Using the probability (6) together with (7),
Roukema et al. (2008) and Aurich (2008) used the
Markov chain Monte Carlo (MCMC) method to search in
the WMAP sky maps for a topological signal in favour
of the Poincare´ dodecahedral topology and of the cubic
3-torus topology, respectively. This paper addresses the
question whether the cubic 3-torus candidate found by
Aurich (2008) leads to an enhanced correlation ξtopo(r)
also for the newer CMB data. The side length of the torus
candidate was given as L ≃ 3.84 based on the concordance
parameters given by WMAP. As discussed in section 2, this
corresponds to L ≃ 3.66 using the concordance parameters
given by Planck. The main effect from this shift arises from
the lower Hubble constant H0. The ratio L/dSLS ≃ 0.58
with respect to the diameter of the surface of last scattering
is thus the same in both cases.
In figure 7(a) the spatial correlations ξtriv(r) and
ξtopo(r) are plotted for the cubic 3-torus candidate with
L = 3.66 and the orientation given by Aurich (2008) based
on the WMAP five-year data (Gold et al. 2009). The fig-
ure 7(a) reveals that the WMAP five-year and the WMAP
nine-year data (Bennett et al. 2013) lead to almost the same
correlations. Here, the ILC maps outside the kq75 mask
are used which have a resolution of fwhm = 60′. In or-
der to compare these correlations with the Planck 2013
data, the SMICA map is smoothed to fwhm = 60′, and
the correlations are computed outside the Union U73 mask
(Planck Collaboration et al. 2014a). The topological corre-
lation ξtopo(r) is almost indistinguishable from the WMAP
c© 2014 RAS, MNRAS 000, 1–11
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(a) fwhm = 60′
r2
ξ
(b) SMICA with fwhm = 24′
+ Union mask U73
r2
ξ
Figure 7. The correlation ξtopo(r) belonging to the L = 3.66
torus candidate is shown computed from different data sets. In
panel (a), the correlations obtained from the WMAP five-year
data (full curves) and the WMAP nine-year data (dotted curves)
outside the kq75 mask are plotted together with correlations of
the SMICA map outside the Union mask U73. The SMICA map
is smoothed to the ILC resolution of 60′. A pixelisation of Nside =
256 is used in all cases. The panel (b) displays the correlations for
the higher resolution of fwhm = 24′ that is possible in the case of
the SMICA map. Both figures show the 1σ bands computed from
the 3-torus simulations with a resolution of fwhm = 60′ in panel
(a) and with a resolution of fwhm = 24′ in panel (b).
nine-year result, but the correlation ξtriv(r) lies above the
corresponding WMAP curves. Note, that ξtriv(r) is indepen-
dent of any assumed topology, of course, and that this shift
is, therefore, due to fine structures in the CMB maps. This
effect also occurs in the angular correlation function C(ϑ),
equation (1), which has different amplitudes at ϑ = 0◦ for
the WMAP and Planck data. Figure 7(a) also shows the 1σ
bands obtained from the 3-torus simulations as described in
section 2. It is seen that ξtopo(r) lies for r
2 & 0.35 within
the corresponding 1σ band, but drops below it for r2 . 0.35.
It is, however, above the 1σ band computed for the wrong
torus configuration and, thus, remains an interesting candi-
date.
The correlation ξtriv(r) lies below the 1σ band of ξtriv(r)
obtained from the torus simulations, but the deviation from
the lower boundary of the 1σ band is much smaller for the
Planck curve than for the WMAP curves, see figure 7(a).
This lack of correlations at small distances should not be
confused with the famous lack of correlations at large angles
ϑ & 60◦ in C(ϑ), equation (1). The lack of correlations at
small distances in ξtriv(r) is also present in C(ϑ) at small an-
gles. Non-trivial topological models are not only able to ex-
plain the lack of correlations at large angles, but also at small
angles as shown by Aurich et al. (2005a) for the Poincare´
dodecahedron and by Aurich et al. (2005b) for the Picard
topology. The lack of correlations below ϑ < 30◦ is investi-
gated by Kim and Naselsky (2011) using the WMAP seven-
year data and is found to be statistically significant. The
analysis of the Planck Collaboration et al. (2014b) points to
a less severe deviation which is consistent with figure 7(a).
Since this anomaly or deviation does not concern ξtopo(r),
it is considered hereafter as an observational fact.
Since the SMICA map possesses a resolution of fwhm =
5′, it is interesting to see how a better resolution influ-
ences the correlations. In the following figures concerning
the spatial-correlation functions, the distance r is restricted
to r2 6 0.4 in order to emphasize the peak structure. For
this smaller interval, figure 7(b) displays the correlations
computed from the SMICA map where a Gaussian smooth-
ing with fwhm = 24′ is applied and which is downgraded
to Nside = 256. Furthermore, only pixels outside the Union
mask U73 are taken into account. The correlation ξtopo(r)
lies for r2 . 0.3 below the 1σ band computed for the correct
torus configuration, but well above the 1σ band belonging to
the wrong configuration. The correlation ξtriv(r) lies slightly
below the corresponding 1σ band, as it is the case for the
lower resolution shown in panel (a). So the conclusion is that
this 3-torus configuration is interesting because it leads to
an enhanced topological correlation ξtopo(r).
The SMICA map with the resolution fwhm = 24′ and
Nside = 256 is also used to search for further interesting
configurations by applying the MCMC method. Only pixels
outside the Union mask U73 are taken into account. The
parameter space consists of the side length L and the three
Euler angles defining the orientation of the cubic 3-torus
cell. A random point in this four-dimensional parameter
space is selected as the starting point for the MCMC al-
gorithm which generates a sequence of points with the aim
to find more likely configurations according to the pseudo-
probability (6). This method works fine when the region with
the enhanced probability is not too localized, since otherwise
the Markov chain can miss the interesting domain. Thus, an
alternative program without using the MCMC algorithm is
carried out which does a simple random search. A large set of
N = 2000 000 random points is generated from the param-
eter space and the corresponding pseudo-probabilities (6)
using σ̂i, equation (8), are computed in order to find inter-
esting configurations. The distance interval is again chosen
as r2 ∈ [0, 0.4]. The parameter space of the random search is
confined to L ∈ [3.5, 5.5], but the three Euler angles are gen-
erated without restrictions. This random search discovers a
cubic 3-torus configuration with a much better agreement
with the expected topological signature. After the random
search has found a new more interesting 3-torus candidate, a
MCMC chain is generated, which uses as the starting point
the parameters of this new candidate. This MCMC chain of
length 100 000 explores the parameter space around the can-
didate and reveals the generators of the group Γ for a sample
of 3-torus configurations with large correlations ξtopo(r).
The new candidate has a side-length L ≃ 4.41, i. e.
L/dSLS ≃ 0.70, and the spatial correlations are shown in fig-
ures 8 and 9. Figure 8(a) displays the correlations computed
c© 2014 RAS, MNRAS 000, 1–11
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(a) SMICA with fwhm = 24′
+ Union mask U73
r2
ξ
(b) WMAP 9yr + kq75 mask
r2
ξ
Figure 8. The correlation ξtopo(r) is computed for the 3-torus
candidate with side length L = 4.41 and the orientation given
in the text. The spatial correlations obtained from the SMICA
map using the Union mask U73 are plotted in panel (a) and from
the WMAP 9yr ILC map using the kq75 mask in panel (b). The
resolution of the maps is again Nside = 256, and the Planck map
is smoothed with fwhm = 24′. No smoothing is applied to the
ILC map because of its lower resolution of 60′. The 1σ bands of
figure 4 are shown in panel (a). In panel (b), the 1σ bands for
the lower resolution are plotted. It is striking to observe in panel
(a) that ξtopo(r) obtained from the Planck data almost agrees
with the mean topological correlation derived from the 3-torus
simulations for a correct identification. On the other hand, ξtriv(r)
lies below the corresponding 1σ band of the simulations. However,
this implies that the match between ξtopo(r) and ξtriv(r) is even
better than in many simulations. The good agreement between
ξtopo(r) and ξtriv(r) is also present in the WMAP 9yr data as
panel (b) reveals using a resolution of fwhm = 60′.
from the SMICA map with the resolution fwhm = 24′ and
Nside = 256 outside the Union mask U73. The correlation
ξtriv(r) is the same as in figure 7(b) since both figures refer
to the same CMB map. The topological correlation ξtopo(r)
of the L = 4.41 candidate is very close to the mean of the
correlations obtained from the torus simulations when the
correct orientation is used. The comparison of figure 7(b)
with 8(a) reveals the improvement with respect to the topo-
logical signal of the L = 4.41 candidate. It is striking to see
the agreement between ξtopo(r) and ξtriv(r) in figure 8(a).
To answer the question whether this candidate is also
distinguished in the WMAP data, figure 8(b) shows the cor-
relations computed from the WMAP nine-year ILC map
outside the kq75 mask. The ILC map has a resolution of
SMICA + Union mask U73
Nside = 512 and fwhm = 7
′
r2
ξ
Figure 9. As in figure 8(a) the spatial-correlation functions
ξtriv(r) and ξtopo(r) obtained from the SMICA map using the
Union mask U73 are plotted, but now the resolutions of all maps
are Nside = 512 and fwhm = 7
′. The result is very similar to that
shown in figure 8(a), only the amplitudes are reduced overall.
l 13◦ 42◦ 123◦ 193◦ 222◦ 303◦
b -55◦ 31◦ -14◦ 55◦ -31◦ 14◦
Table 1. The positions of the fundamental symmetry axes of the
cubic 3-torus candidate are listed in Galactic coordinates (l, b).
The values are rounded to one degree.
fwhm = 60′ and the corresponding 1σ bands are shown.
As in the case of the Planck data, the agreement be-
tween ξtriv(r) and ξtopo(r) is quite well. This candidate
thus might have been discovered by Aurich (2008), but the
Markov chains overlooked this interesting domain in the
four-dimensional parameter space and thus failed to notice
this torus configuration. This demonstrates that searches for
topological spaces with more than four parameters would
have to be treated with even more care.
The SMICA map possesses a resolution of fwhm = 5′.
This map is Gaussian smoothed with fwhm = 5′ leading to
a map with an effective resolution of fwhm = 7′. This map
is downgraded to Nside = 512 and the corresponding spatial
correlations are plotted in figure 9 together with the appro-
priate 1σ bands. It is seen that the topological correlation
ξtopo(r) is close to ξtriv(r) also in this higher resolution.
The large values in the correlation ξtopo(r) might be
accidentally generated by the structure of the mask for the
special torus configuration with L ≃ 4.41. To provide evi-
dence that this is unlikely, the 3-torus simulations computed
for L = 4.00 are used to compute the correlations for the
configuration of the L = 4.41 candidate. Since this is not the
configuration used in the CMB simulations, one obtains the
1σ band for the wrong configuration shown in the previous
figures, i. e. the 1σ the band around zero. This disproves the
possibility of a spurious correlation somehow generated by
the structure of the mask.
The MCMC chain, which explores the parameter space
around the L = 4.41 candidate, can be used to reveal the
orientation of the cubic 3-torus cell. The three generators
of Γ define three axes through our observer position, which
intersect the surface of last scattering at six positions. The
positions of these fundamental directions are shown in figure
c© 2014 RAS, MNRAS 000, 1–11
8 R. Aurich
Figure 10. The orientation of the fundamental symmetry axes
of the cubic 3-torus candidate around L = 4.41 are shown using
the Mollweide projection. Galactic coordinates are used and the
Galactic centre lies in the centre of the plot. The Union mask U73
is also indicated by the shaded region.
L
P
Figure 11. The largest values of P using σ̂i as defined in equation
(8) are plotted as a function of L. The maximum of P is computed
over all orientations within a small L interval.
10, where the full sky is mapped by the Mollweide projec-
tion using Galactic coordinates. The intensities are plotted
according to P using σ̂i as defined in equation (8), which
is also used for the computation of the MCMC chain. The
positions of the six fundamental directions are given in table
1.
The configurations generated by the MCMC algorithm
contain not only the three Euler angles, but also the side
length L of the cubic 3-torus cell. The L values are now
grouped into bins and within each bin, the maximal value
of P is searched regardless of the orientations of the cells.
The resulting curve, shown in figure 11, displays a bimodal
distribution. The largest value of P belongs to the L = 4.41
candidate discussed above. The second maximum occurs at
L = 4.52 but the orientation is nearly identical. The fact
that the orientations are very similar, can be inferred from
figure 10, where the P values of all members of the MCMC
chain are taken into account. Another orientation would lead
to a plot with further six directions with high probabilities,
but this is not the case. The correlations ξtopo(r) belong-
ing to the two models with L = 4.41 and L = 4.52 are
compared in figure 12. For r2 & 0.08 the topological corre-
lation is even larger for the L = 4.52 model than for the
L = 4.41 configuration, but at small values of r2 the cor-
SMICA with fwhm = 24′
+ Union mask U73
r2
ξ
Figure 12. The correlation ξtopo(r) is shown for the L = 4.41
candidate as in figure 8(a), but, in addition, the correlation of the
L = 4.52 configuration is also plotted which belongs to the second
maximum shown in figure 11. The latter correlation is enhanced
for r2 & 0.08, but is reduced for smaller values of r2 compared to
ξtopo(r) belonging to the L = 4.41 candidate.
relation is reduced. Since the chosen pseudo-probability P
tries to emphasize the peak structure at r = 0 in ξtriv(r),
as discussed at the beginning of section 3, the model with
L = 4.41 is slightly preferred. Although other versions of
P would favour other models, the general conclusion would
be unchanged that the orientation given in table 1 leads to
large correlations ξtopo(r) with r
2 6 0.4 for values of L in
the range shown in figure 11. Furthermore, the topological
correlation ξtopo(r) matches the expectation derived from
the 100 CMB simulations of the cubic 3-torus topology.
Although the analysis of this paper is based on the
Planck 2013 data, it is interesting to see whether the recently
published Planck 2015 data (Planck Collaboration et al.
2015) also display the enhanced spatial correlations for
the L = 4.41 candidate. The temperature differences out-
side the masks between the 2013 and 2015 data sets
are stated to be of the order of at most ∼ 10µK by
Planck Collaboration et al. (2015). Thus, only modest dif-
ferences are expected, and this is confirmed by figure 13,
where ξtopo(r) is plotted for the L = 4.41 candidate us-
ing the 2013 SMICA map as above, as well as using the
recently published 2015 SMICA map. The corresponding
curves of ξtopo(r) and ξtriv(r) are each nearly indistinguish-
able. A MCMC chain of length 100 000 is generated which
explores the parameter space around the L = 4.41 candidate
based on the 2015 data. The orientation of the fundamental
symmetry axes of the cubic 3-torus candidate turns out as
depicted in figure 10 which is obtained from the 2013 data.
The axes obtained from the 2015 data agree with those given
in table 1.
4 SUMMARY AND DISCUSSION
Roukema et al. (2008) put forward the idea that a spatial-
correlation analysis can serve as a tool for detecting
the topology of our Universe. The topological correlation
ξtopo(r), defined in equation (5), should agree with the cor-
relation ξtriv(r), equation (2), if the hypothesized topology
used for the computation of ξtopo(r) matches the true topol-
ogy.
c© 2014 RAS, MNRAS 000, 1–11
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SMICA with fwhm = 24′
+ Union mask U73
r2
ξ
Figure 13. The correlations ξtopo(r) and ξtriv(r) are shown for
the L = 4.41 candidate as in figure 8(a). In addition, the corre-
lations ξtopo(r) and ξtriv(r) are plotted that are obtained from
the Planck 2015 data using the Union mask U73. Both correla-
tions are almost identical to those obtained from the 2013 data,
although the 2015 correlation ξtopo(r) is slightly enhanced for
r2 & 0.2.
The spatial-correlation analysis is applied to the cubic
3-torus topology using the Planck 2013 data. CMB simu-
lations for the cubic 3-torus topology are generated and
analysed with respect to the spatial correlation in section
2. This allows to estimate the level of correlations that is
to be expected if a suitable configuration is found. It is
shown that the agreement between ξtopo(r) and ξtriv(r) is
very good only under very idealized conditions where the
CMB simulations take only the usual Sachs-Wolfe contri-
bution into account. Although a realistic CMB simulation
based on the Boltzmann physics leads to enhanced topolog-
ical correlations ξtopo(r), they nevertheless lie appreciably
below ξtriv(r) as shown in figure 4.
The cubic 3-torus configuration which was found by
Aurich (2008) as having a large topological correlation
ξtopo(r) using the WMAP five-year data, is reanalysed in
section 3 using the Planck 2013 data. Figure 7 shows that
the topological correlation is indeed of the expected magni-
tude for not too small distances r, but possesses relatively
small values of ξtopo(r) for small distances and does not
match the increasing behaviour found in CMB 3-torus sim-
ulations. An improved search for configurations of the cubic
3-torus topology found, however, a new candidate, which
has a topological correlation ξtopo(r) that is very close to
the mean topological correlation obtained from 100 torus
simulations. This configuration is denoted as the L = 4.41
candidate and its correlation is shown in figures 8, 9, and
13. The orientation of its fundamental symmetry axes is vi-
sualized in figure 10 and listed in table 1.
Although the agreement with the expected correla-
tion is amazing, one must keep in mind that the spatial-
correlation method has a relative high false-positive rate. To
determine this rate, it is necessary to carry out the search
for a matching topology with CMB simulations generated for
the trivial topology. This demanding computation is done by
Aurich (2008) for 10 such CMB simulations, and it turns out
that one of these 10 simulations generates a high correlation
by chance. Based on this limited number of simulations, a
false-positive rate of the order of one to ten is expected, and
Aurich (2008) concludes that ∼ 10% . . . 20% of the simula-
tions would produce such a false-positive detection. It should
be noted that these simulations are carried out in the lower
HEALPix resolution Nside = 128 in contrast to this paper,
where the higher resolution Nside = 256 or even Nside = 512
is used. Nevertheless, the order of the false-positive detec-
tion rate should carry over to the resolution used in this
paper, since the resolution does not significantly change the
spatial correlations as the comparison of figure 8(a) with fig-
ure 9 shows. The former is computed for Nside = 256 and
fwhm = 24′ and the latter for Nside = 512 and fwhm = 7
′,
and a very similar result is obtained. In addition, figures
7(a) and 7(b) allow a comparison between the resolutions
fwhm = 60′ and fwhm = 24′ again with very similar spatial
correlations. Therefore, the false-positive rate is of the order
of one to ten.
Furthermore, the Planck 2013 data are anal-
ysed with respect to a non-trivial topology by the
Planck Collaboration et al. (2014c) and no convincing
signal is detected by the matched circle test and by using
off-diagonal correlations. The application of the covariance
matrix for detecting a toroidal universe is discussed by
Kunz et al. (2006, 2008); Phillips and Kogut (2006). It
should be noted that the use of the covariance matrix
Cl
′m′
lm := 〈alma
⋆
l′m′〉 can fail to detect a topology if the
phases of alm are not accurately enough determined as
shown by Aurich et al. (2008) where the influence of a
mask is investigated. Nevertheless, it remains the point
that no hints in favour of a toroidal universe come from the
matched circle test and from off-diagonal correlations.
This points to a false-positive detection. However, it
might be that the simulations underestimate the deteriorat-
ing effects, which disturb the CMB with respect to the clean
signal that would be obtained from the usual Sachs-Wolfe
contribution. A hint in this direction is the fact that the
cross-correlation of the CMB radiation with the large-scale
galaxy distribution is significantly stronger than expected
(Granett et al. 2008; Aiola et al. 2015). This points to the
possibility that the late-time integrated Sachs-Wolfe effect
is larger than predicted by the ΛCDM concordance model.
The CMB simulations are based on the ΛCDM concordance
model and thus do not include such currently inexplicable
contributions. However, the ΛCDMmodel is used to discrim-
inate between a spurious signal and a signal corresponding
to a genuine detection of a non-trivial topology. This estima-
tion of the detection level might be flawed due to additional
correlations that do not have their origin at the surface of
last scattering.
There remains the question whether the 3-torus topol-
ogy is hidden in the CMB data. But even if the enhanced
spatial correlation of the L = 4.41 candidate is not due to a
cubic 3-torus topology, it is nevertheless striking that there
exists an orientation of a torus cell, for which a large corre-
lation in the CMB data is found.
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